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We introduce and study a model designed to simultaneously shed light on the mysteries connected
with Baryogenesis, Dark Matter and Dark Energy. The model describes a self-interacting complex
axion field whose imaginary part, a pseudo-scalar axion, couples to the instanton density of gauge
fields including the hypermagnetic field. This coupling may give rise to baryogenesis in the early
universe. After tracing out the gauge and matter degrees of freedom, a non-trivial effective potential
for the angular component of the axion field is obtained. It is proposed that oscillations of this
component around a minimum of its effective potential can be interpreted as Dark Matter. The
absolute value of the axion field rolls slowly towards 0. At late times, it can give rise to Dark Energy.
I. INTRODUCTION
In this letter we propose and describe some specific the-
oretical ideas on the origin of Dark Matter, Dark Energy
and baryogenesis. The dark sector is known to make up
about 95% of the energy density of the universe. Roughly
70% of the total energy density corresponds to Dark En-
ergy, while approximately 25% originates in Dark Matter;
see, e.g., [1]. Dark Matter has an equation of state given
by w ' 0, where w is the ratio between the universe’s
pressure, p, and energy density, ρ, whereas the equation
of state of Dark Energy is known to be w ' −1.
A conventional candidate for a Dark Matter particle
is a WIMP (=weakly interacting massive particle, see
[2] for a review), and Dark Energy is usually described
by a small cosmological constant. However, these sim-
ple descriptions of Dark Matter and Dark Energy appear
to meet with increasing difficulties. The WIMP model
of Dark Matter faces the problem that WIMP’s have not
been observed in any direct detection experiments, which
rules out part of the preferred parameter space [3]. For
what concerns Dark Energy, there is increasing evidence
that a positive cosmological constant cannot appear in
current theories of quantum gravity [4, 5]. There are thus
good reasons – see e.g. the discussion in [6] – to imag-
ine that Dark Energy is described by dynamical degrees
of freedom, such as the slowly rolling scalar field intro-
duced in Quintessence models [7]. Oscillating pseudo-
scalar fields with a small mass, such as an axion field,
have long been envisaged as candidate degrees of free-
dom describing Dark Matter; see, e.g., [8] for a review.
From a theorist’s point of view it would be attractive
if Dark Matter and Dark Energy turned out to have a
common origin. This is the theme developed in this Let-
ter. We introduce a model of a complex scalar field,
ζ = e−(ϕ+iθ)/f , whose radial component, ϕ, gives rise
to Dark Energy, while the angular component, θ, is sup-
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posed to describe Dark Matter, and f ≈ mpl is a constant
of nature rendering (ϕ + iθ)/f dimensionless; see [9] for
earlier attempts, and [10] for a review of various unified
dark sector models. The self-interaction potential of the
field ζ is assumed to be proportional to ζ¯ζ = e−2ϕ/f ; (it is
exponential in the scalar field ϕ, as in Quintessence mod-
els [7]). We further assume that the imaginary part of ζ
is coupled to the instanton density of some gauge fields
in a way analogous to how the QCD axion is coupled to
the color gauge field. When tracing out the gauge and
matter degrees of freedom, this coupling generates a po-
tential for the angular component, θ, of ζ, which gives rise
to oscillations of the pseudo-scalar axion field θ around a
minimum. These oscillations are a source of Dark Mat-
ter. The radial part, ϕ, of ζ slowly grows towards very
large values, and hence the potential, ∝ e−2ϕ/f , slowly
approaches 0. This potential is a source of (dynamical)
Dark Energy.
An intriguing feature of our model is that it also nat-
urally incorporates a mechanism for baryogenesis. The
imaginary part of ∂µζ can be coupled to the anomalous
axial baryon current, jµB . During an era when the time
derivative of =ζ (or of θ) has a fixed sign this coupling
gives rise to a matter-antimatter asymmetry; see also
[11–13].
The organization of this Letter is as follows. In the
next section we introduce the model studied afterwards.
In Section 3 we discuss constraints on the parameters of
the model and show that we can satisfy all the known
constraints derived from the requirement that one wants
to obtain the right amount of Dark Matter and Dark
Energy. We discuss baryogenesis in Sections 4 and 5.
Section 6 contains some conclusions. In an Appendix we
discuss possible roots of our model in more fundamental
physical theories.
Throughout this paper we employ natural units in
which the speed of light, Planck’s constant and Boltz-
mann’s constant are set to 1. The cosmological scale fac-
tor appearing in the equations of the Friedman-Lemaˆıtre
universe is denoted by a(t), where t denotes time. The ra-
diation temperature, T , is related to time t via the Fried-
mann equation and the Stefan-Boltzmann law. The Hub-
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2ble expansion rate is denoted by H(t), and the Planck
mass by mpl. There are various times which play a role
in our analysis: The current time is denoted by t0, the
time of equal matter and radiation is teq, and the time
after which the dynamics of the universe starts to be de-
scribed by our model is denoted by tc. The corresponding
radiation temperatures are T0, Teq and Tc, respectively.
We sometimes express time in terms of the cosmological
redshift, z. The redshift at time t is defined by
z(t) + 1 ≡ a(t0)
a(t)
. (1)
II. THE MODEL
As announced in the Introduction, the model studied
in this Letter describes a complex scalar field
ζ = e−(ϕ+iθ)/f , (2)
where ϕ is a real scalar field, called the “radial compo-
nent” of ζ, θ is a real pseudo-scalar axion field, called
“angular component” of ζ, and f is the field range over
which the potential, ζ¯ζ, of ζ varies appreciably. We in-
troduce the one-form
j := ζ−1dζ, i.e., jµ = ζ−1∂µζ = −∂µ(ϕ+ iθ)/f . (3)
Let CS(G) denote the Chern-Simons 3-form of a gauge
field G. An example of a plausible action functional is
given by
S(ζ¯, ζ, G) :=
∫
d4x
√−g(f2 j¯µ jµ − Λ ζ¯ζ)
− λ
∫
dΘ ∧ CS(G) , (4)
where g is the determinant of the space-time metric (with
components gµν), Λ is a constant of (mass) dimension 4,
λ is a dimensionless coupling constant, and
Θ = θ, or Θ = =ζ .
(Terms proportional to masses of matter degrees of free-
dom are neglected in (4).)
After a phase transition at some temperature Tc, the
non-abelian gauge degrees of freedom acquire a mass and
are traced/integrated out. This yields an effective action
for the field ζ of the form
S =
∫
d4x
√−g
{
1
2
∂µϕ∂
µϕ+
1
2
∂µθ∂
µθ−
− Λe−2ϕ/f − V (ϕ, θ) + . . .
}
, (5)
where V (ϕ, θ) = O(θ2), for θ ≈ 0, and where the dots
stand for couplings of θ to the instanton density of the
hypermagnetic U(1)Y gauge field. Choosing Θ = =ζ,
one finds that, for small values of sin(θ/f)e−ϕ/f ,
V (ϕ, θ) =
1
2
µ4sin2(θ/f)e−2ϕ/f (6)
where µ is some mass scale. Note that if Tc is so large
that ϕ is negative, with |ϕ| large enough, at the time of
the phase transition, then this transition may be followed
by some cosmological “wetting transitions”, as studied in
[13].
The equations of motion for the fields ϕ and θ, with V
as in (6), are given by
ϕ¨+ 3Hϕ˙ =
[ 2
f
Λ +
µ4
f
sin2
θ
f
]
e−2ϕ/f , (7)
θ¨ + 3Hθ˙ = −µ
4
f
sin(
θ
f
)cos(
θ
f
)e−2ϕ/f , (8)
where terms involving the hypermagnetic gauge field
have been neglected.
We propose to explore the possibility that ϕ gives rise
to dynamical Dark Energy, while oscillations of θ about
the minimum of the potential V are a source of Dark
Matter. Besides the dark sector fields ϕ and θ, radiation
contributes to the pressure and the energy density of the
early universe. We assume that, after the phase transi-
tion, the contribution of radiation to the energy density
dominates in the early universe. As a consequence, space
is expanding, and the oscillations of θ are damped. This
implies that, in equation (7), the first term on the right
side becomes the dominant term at late times.
If one wants this model to predict the observed energy
densities of Dark Energy and Dark Matter then the am-
plitudes of the two terms on the right side of (7) must
have roughly the same mean at redshifts close to z = 2,
when Dark Energy starts to dominate. We assume that
the initial value of ϕ in the very early universe is negative,
as is typically done in Quintessence models. We further
assume that the potential for θ is generated at some early
time corresponding to a temperature T ≈ Tc, and that,
at that time, the initial condition for θ is close to a local
maximum of its potential. With these assumptions, we
must consider three time periods in the evolution of the
universe predicted by our model: the late period when
Dark Energy dominates; the intermediate era when Dark
Matter dominates over Dark Energy; and the early epoch
when θ is close to a local maximum of its potential and
radiation dominates.
TheDark Energy era is described, approximately, by
an exact solution of the second order differential equation
(7), neglecting the second term in the parenthesis on the
right side, which is given by
ϕ(t) = f ln(βt) , (9)
where β is a constant that can be determined by inserting
the ansatz (9) into (7), with H expressed in terms of the
Friedmann equation
H2 =
1
3
m−2pl
[
V +
1
2
ϕ˙2
]
. (10)
3We obtain a quadratic equation for β2. In the limit f 
mpl the solution for β is
β2 ' 4
3
Λ
f2
(mpl
f
)2
, (11)
which yields an equation of state
w ' −1 + 4
3
(mpl
f
)2
. (12)
In this limit, the same result can be obtained by means
of the slow-roll approximation. As discussed in detail in
[14], this solution is a late time attractor.
We observe that the dependence of ϕ on time is small
on a Hubble time scale. Thus, in Eq. (8), we can assume
ϕ to be constant, namely equal to the value it has at the
time ti when Dark Energy begins to dominate. In this
approximation, (8) becomes the equation of motion for a
damped harmonic oscillator with frequency
ω ' µ
2
f
e−ϕ(ti)/f . (13)
A self-consistency condition for the validity of this ap-
proximation is that the frequency ω must be large as
compared to the Hubble expansion rate. As we will see
later, this condition is satisfied. Since the potential for θ
is quadratic in the vicinity of its minimum, the equation
of state of the degrees of freedom corresponding to the
field θ corresponds to that of pressureless Dark Matter.
The amplitude, A(t), of the oscillations of θ(t) decreases
as
A(t) ∼ a(t)−3/2 ∼ T (t)3/2 . (14)
Next, we turn to the analysis of the evolution of the
fields in the intermediate era: The field θ exhibits
damped oscillations, as in the Dark Energy phase, but
the θ-dependent term dominates the right side of the
equation of motion (7), which then takes the form
ϕ¨+ 3Hϕ˙ ' µ
4
f
sin2
θ
f
e−2ϕ/f . (15)
We set e−2ϕ/f = 1; later, we verify that this assumption
is self-consistent. Furthermore, we replace the sin2-term
by its time average and make the small-angle approxima-
tion, with the source term quadratic in the amplitude.
When the time dependence of the amplitude of θ is in-
serted, Eq. (15) becomes a first-order inhomogeneous
differential equation for χ ≡ ϕ˙; namely
χ˙+
2
t
χ =
1
2f
A2(teq)µ4
( teq
t
)2
, (16)
where teq is the time of equal matter and radiation, and
we have inserted the formula for H during the matter-
dominated era. The solution of this equation is
χ(t) =
α
t
, (17)
with
α =
µ4
f3
A2(teq)t2eq , (18)
which implies that
ϕ(t) = α ln
( t
teq
)
+ ϕ(teq) . (19)
It is easy to check that α/f  1. Hence, the time de-
pendence of ϕ is negligible in this phase.
Note that formula (19) is valid for t > teq. A similar
analysis of the equations of motion applies for times be-
fore recombination. All that changes is the coefficient of
the Hubble damping term in (15), as well as the time de-
pendence of the amplitude of the oscillations of θ. With
approximations identical to those made above, the equa-
tion of motion for χ becomes
χ˙+
3
2t
χ =
1
2f
A2(teq)µ2
( teq
t
)3/2
, (20)
whose solution implies that
ϕ(t) = βt1/2 + const, (21)
with
β =
1
f3
A2(teq)t3/2eq µ4 . (22)
Given the parameter values discussed below, it is easy to
check that ϕ varies very slowly as a function of time.
We now discuss the evolution of the fields ϕ and θ dur-
ing the initial era, right after the phase transition when
the potential V (ϕ, θ) can be used to study the evolution.
As mentioned at the beginning of this section, we assume
that θ starts close to a local maximum of its potential,
here taken to be θ = −(pif)/2. We are interested in ana-
lyzing the growth of the deviation, ∆θ, of θ from its value
at the local maximum of the potential, which is given by
θ = −pif
2
+ ∆θ . (23)
For small values of ∆θ, its equation of motion can be
approximated by
(∆θ)·· +
3
2t
(∆θ)· ' µ
4
f2
e−2ϕ/f∆θ . (24)
The approximate behavior of ϕ during this time period
is described by the equation
ϕ¨+ 3Hϕ˙ ' µ
4
f
e−2ϕ/f . (25)
This equation has the exact solution
ϕ(t) = ϕ0ln(γt) , (26)
4where ϕ0 = f is chosen to ensure that all terms in the
equation have the same time dependence, and where γ
is chosen so as to make the coefficients match. In the
radiation phase we find that
γ =
√
2
µ2
f
. (27)
Thus,
e−2ϕ/f =
f2
2µ4
1
t2
. (28)
Inserting (28) into the equation of motion for ∆θ we ob-
tain
(∆θ)·· +
3
2t
(∆θ)· =
1
2t2
∆θ (29)
where, here, ∆θ is the deviation of θ from the minimum
of its potential. The dominant solution is
∆θ(t) ∼ t
1/2
t
1/2
c
∆θ(tc) , (30)
where tc is the initial time. We will use these solutions
for ∆θ and ϕ in the sections on baryogenesis.
We have corroborated the approximate analytical anal-
ysis presented above by a numerical study: the system of
three coupled differential equations consisting of (7) and
(8) for the fields ϕ and θ and the Friedmann equation
H2 =
m−2pl
3
[1
2
ϕ˙2 +
1
2
θ˙2 + Λe−2ϕ/f + V (ϕ, θ)
]
. (31)
for the Hubble parameter H(t), has been solved numer-
ically. In the simulations, all quantities are expressed in
Planck units, including time, the dimensionless time be-
ing τ = mpl t. In Figure 1, the evolution of ∆θ as a func-
tion of time is displayed. Figure 2 shows the evolution of
ϕ and of ∆θ as functions of time. Figure 3 displays the
time evolution of the parameter w = p/ρ appearing in
the total equation of state; and Figure 4 shows how the
ratio of the contributions of Dark Matter and Dark En-
ergy to the potential energy evolves. In our simulation,
we have chosen the parameter values f = 2mpl, µ = 5
and Λ = 10−8. The initial conditions have been set to
be ϕ = 0, ϕ′ = 1, the prime denoting the derivative with
respect to τ , and θ displaced from the local maximum at
−pi/2 by ∆θ = 10−2, with θ˙ = 0.
The figures show that there are smooth transitions be-
tween the three epochs described in the text - the ini-
tial era where θ starts to slowly roll from a value very
close to the one corresponding to the local maximum
of the potential, the intermediate era when θ oscillates
about the minimum of its potential, yielding an epoch
of Dark-Matter domination, and - after the oscillations
have redshifted sufficiently - the onset of the Dark En-
ergy era when the ratio, w, of pressure to energy density
approaches a negative constant.
The parameters in our numerical study have not been
given realistic values, but have been chosen so as to fa-
cilitate the implementation of the numerics.
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FIG. 1: Time evolution of the displacement, ∆θ, of the field
θ from its value at the local maximum, for the parameter val-
ues and initial conditions chosen in the text. The field and
time are in Planck units. After a time period of slow rolling,
θ begins to oscillate about the minimum of its potential. The
amplitude of oscillation is damped by the cosmological expan-
sion.
III. PHYSICAL CONSTRAINTS ON
PARAMETER VALUES
There are four free parameters in our model, namely
f,Λ, µ and Tc. We propose to estimate the values they
must be given for our scenario to work. We start by
recalling the various times involved in our analysis: t0,
the present time; ti, the time when the Dark Energy
era begins; and tc, the time when the phase transition
generating the potential V for θ occurs. In the following
we are only interested in the order of magnitude of the
different terms appearing in our equations.
We note that, in order for the equation of state of
ϕ to correspond to the one of Dark Energy, we must
impose the condition that f ≥ mpl, which is well-known
in Quintessence models with exponential potentials. In
the following we set f = mpl to simplify our estimates of
the remaining parameters.
The first condition is that, at late times, the field ϕ
contributes the correct amount to the energy density of
the universe to explain the currently observed Dark En-
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FIG. 2: Time evolution of both ϕ and ∆θ.
ergy. Since, in the Dark Energy era, the first term in
the potential appearing in the action functional (5) dom-
inates over the second one, the condition reads
Λe−2ϕ(t0)/f ∼ T 40 zeq , (32)
where T0 is the current temperature of radiation, and
the factor zeq is the redshift at the time of equal matter
and radiation. Its appearance in (32) expresses the fact
that the total energy density, today, is larger than the
radiation energy density by that factor.
A condition on the mass scale µ is derived by demand-
ing that, at the present time, the oscillations of θ yield
the correct dark matter density. This condition reads
µ4
A2(T0)
f2
e−2ϕ(t0)/f ∼ T 40 zeq . (33)
In the rather rough estimates described here we are tak-
ing the contributions of Dark Energy and of Dark Matter
to the current energy density of the universe to be the
same.
As argued in the previous section, the value of ϕ, today,
is close to f . This allows us to neglect the exponential
factors in (32) and (33). Then (32) becomes
Λ ∼ T 40 zeq . (34)
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FIG. 3: Time evolution of the (total) equation-of-state pa-
rameter, w. This simulation does not take into account any
radiation. Hence, initially, w is negative, since the potential
energy dominates over the kinetic energy. Once θ begins to
oscillate about the minimum of its potential, the time average
of w has the value typical of Dark Matter (w ∼ 0). Eventu-
ally, the energy stored in the oscillations of θ has redshifted
sufficiently for the Λ term in the potential to start to domi-
nate. This signals the onset of the Dark Energy phase.
Using the fact that the temperature dependence of A is
∝ T 3/2, and assuming that the initial amplitude is of the
order of f , the second condition (33) becomes
µ4
(T0
Tc
)3 ∼ T 40 zeq . (35)
Note that conditions (34) and (35) are similar to the
tunings required in every known dynamical dark sector
model: there is no explanation of the fact that Dark En-
ergy, Dark Matter and visible matter yield comparable
contributions (within one order of magnitude) to the to-
tal energy density of the universe just at the present time.
It is important to check that, besides the tuning condi-
tions that guarantee that this fact is properly reproduced
by our model, no further fine-tuning of parameter values
is required.
The value of the mass parameter µ determines the
mass, mDM , of Dark Matter modes, because this mass
is given by the frequency (13) of oscillations of θ. Set-
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FIG. 4: The ratio of the potential energy contributed by
V (ϕ, θ) and the one contributed by the Λ term. When this
ratio drops below 1 the Dark Energy phase sets in.
ting the exponential factor in Eq. (13) to 1, as above, we
obtain
mDM ∼ µ
2
f
. (36)
If we fix the Dark Matter mass by setting
mDM ≡ ma1eV , (37)
where ma < 1 is a dimensionless number, then the value
of µ is determined by ma. Eq. (35) then determines Tc.
We find that
µ ∼ m1/2a 105GeV (38)
Tc ∼ ma1014GeV . (39)
In order to end up with a Dark Matter mass in the
range of a typical axion mass m ∼ 1eV, the scales µ
and Tc are related to physics at very high energy scales.
Yet, to obtain a mass mDM ∼ 10−20eV corresponding
to ultralight Dark Matter, the values of µ and Tc must
be in the range µ ∼ Tc ∼ 104eV.
IV. BARYOGENESIS IN THE EARLY
UNIVERSE
It is natural to assume that the imaginary part of the
gradient of the complex scalar field ζ is coupled to the
baryon current jµB by the term
δL = α˜∂µ=ζ jµB , (40)
where α˜ is a dimensionless coupling constant. The pres-
ence of this term in the Lagrangian can be motivated by
comparing it with the last term in (4) and recalling the
chiral anomaly for the baryon current
∂µj
µ
B ∼
g2
16pi2
F ∧ F , (41)
where the masses of quarks are neglected, and where F
is a non-Abelian gauge field coupling to baryon number.
The field F could be the SU(2) gauge field of the elec-
troweak interactions; but we leave the question what the
physical nature of F is open; it is natural to suppose that
it is the gauge field, previously denoted by G, that gen-
erates the potential for θ discussed at beginning of this
paper.
Following [11], we note that, during an era when =z is
rolling uniformly, the above interaction term generates a
chemical potential, µB , conjugate to baryon number
µB = α˜(=ζ)· = α˜
f
[
θ˙ − ϕ˙
f
θ
]
e−ϕ/f . (42)
In our cosmological scenario, =z is rolling uniformly in
the initial era, right after the phase transition generating
the effective potential of θ. Thus, we need to estimate
the value of µB at these early times, making use of the
results found in (28) and (30). We find that
µB ∼ α˜ T
4
µ2mpl
, (43)
where we have used the Friedmann equation to express
time t in terms of the temperature T .
As long as baryon-number violating interactions in-
volve degrees of freedom that are in thermal equilibrium
during the early phase in the evolution of the universe we
are considering here, a chemical potential µB corresponds
to a baryon number density, nB , of the order of
nB ∼ µBT 2 , (44)
and the induced baryon-number density-to-entropy ratio
is found to be given by
nB
s
∼ α˜(T
µ
)2 T
mpl
, (45)
which is to be evaluated for values of the temperature T
corresponding to the initial period of the field evolution,
i.e., for a value of T of the order of Tc.
7For the baryogenesis scenario described here to work
baryon-number violating processes must be in local ther-
mal equilibrium when the temperature of the universe is
close to Tc. Moreover, the era of slow rolling of θ and ϕ
must last at least a Hubble time in order for local thermal
equilibrium to be established, which is what might justify
introducing the chemical potential µB . It is easy to check
that this latter condition is satisfied. The time scale of
slow rolling can be read off from (26) and is given by
γ−1, see (27). Since f > mpl, it follows that γ−1 > H−1.
Furthemore, we have to require that the slow rolling of
θ occur around the time of the electroweak phase transi-
tion, when a non-vanishing baryon number is generated.
This implies that another condition for the mechanism
described here to work is that Tc ≥ TEW , where TEW is
the temperature of electroweak symmetry breaking.
To conclude this section we note that the term
(40) in the Lagrangian of our model violates baryon
number conservation. One would therefore expect that
baryogenesis also occurs out of thermal equilibrium, i.e.,
that the assumption of local thermal equilibrium during
baryogenesis made above is not really necessary. We
discuss a possible scenario in the next section.
V. BARYOGENESIS FROM HYPERMAGNETIC
HELICITY
It is well known that the baryon current is anomalous
(see [16] for the original articles on the chiral anomaly,
[17] for reviews of applications of the chiral anomaly
to baryogenesis, and [18] for an application of the chi-
ral magnetic effect of electromagnetism to magnetic field
generation). In particular, the change in baryon num-
ber is proportional to the change of the hypermagnetic
helicity [19] (see [20–22]):
∆NB = Cy
αy
8pi
∆H , (46)
where αy is the hypermagnetic fine structure constant
and Cy is a constant depending on the particle content
of the model used to describe visible matter; (see, e.g.,
[22] for values of Cy).
The variation of the density, h, of the hypermagnetic
helicity in time is given by
h˙ = −2 < E ·B > , (47)
where E and B are the electric and magnetic fields of
hypermagnetism, and the angular brackets indicate spa-
tial averaging. Here and in the following we neglect the
expansion of the universe. At the end of this section we
will comment on the effects caused by its expansion. In
a regime where the time derivative of the electric field
can be neglected the equations of magnetohydrodynam-
ics imply that [23, 24]
E ·B = 1
σ
B · (∇∧B) , (48)
where σ is the conductivity, whose order of magnitude is
given by the temperature, i.e.,
σ ∼ T . (49)
The Fourier modes, Ak, of the hypermagnetic gauge field
A contribute to the spatial average of E · B. As shown,
e.g., in [22], the expression for the spatial average of the
right side of (48) is given by
< B·(∇∧B) >=
∫
k
d3k
(2pi)3
|k|3(|Ak,+|2−|Ak,−|2) , (50)
where the subscripts + and − indicate the helicities of
the modes.
We assume that the field ζ also couples to the hyper-
magnetic instanton density via a term
δL2 = α=ζ
4
Y˜µνY
µν , (51)
where α is a dimensionless coupling constant, Yµν is the
field strength associated with A, and Y˜µν is its dual; (this
term arises from the one in (4) by integration by parts,
setting Θ = =ζ). The equation of motion for Ak then
becomes [19, 22]
A¨k,± +
(
k2 ± αk(=ζ)·)Ak,± = 0 , (52)
As shown in [25], the pseudoscalar field =ζ can induce
growth of the helicity of the hypermagnetic field. As long
as the time derivative of =ζ has a fixed sign, a property
it has in our model during the initial epoch of evolution,
then, for small values of k, one helicity mode is enhanced,
while the other one exhibits damped oscillations. In the
following we estimate the amplification of the growing
Fourier modes (the helicity label on the Fourier modes
Ak is now omitted).
For small values of θ we can approximate cos(θ) by 1
and sin(θ) by θ and find that
(=ζ)· = 1
f
e−ϕ/f
(
θ˙ − ϕ˙ θ
f
)
. (53)
Inserting (28) and (30) for ϕ and θ in the initial epoch, we
find that the two terms on the ride side of (53) coincide,
up to a factor of 2. Hence, in (52), we can replace (=ζ)·
by |ζ|θ˙/f . The equation of motion for Ak then becomes
A¨k +
(
k2 ± αke−ϕ/f θ˙
f
)
Ak = 0 . (54)
An approximate solution of this equation is obtained by
assuming that
θ˙ ∼ f
tc
. (55)
We also approximate e−ϕ/f by the value it has at the
beginning of rolling. Taking into account that f ∼ mpl
we get
A¨k +
[
(k2 − αk(Tc
µ
)2 1
τ
]
Ak = 0 . (56)
8We define the “critical wavenumber” kc by
kc = ατ
−1(Tc
µ
)2
. (57)
We then find that modes with |k| < kc are exponentially
amplified, whereas modes with |k| ≥ kc oscillate with
constant amplitude.
The growth of the modes Ak, for |k| < kc, is shut off
by back-reaction: the energy density of the field quanta
produced by the growth of the unstable Fourier modes
of A cannot exceed the one of radiation before non-linear
effects become important. (The logic here is similar to
the one used to explain the termination of the preheat-
ing instability [26] in reheating after inflation; see, e.g.,
[27] for recent reviews). The energy density of the field
quanta of A is given by
ρA ∼
∫
d3k k2A2k , (58)
an integral dominated by the contribution of the inte-
grand around k ∼ kc. The amplitude of the Ak-mode at
times t > tc, starting from vacuum initial conditions at
time tc, is given by
Ak(t) =
1√
2k
e(αkkc)
1/2(t−tc) , (59)
where the origin of prefactor (
√
2k)−1 is explained by re-
calling that the harmonic oscillator Ak has been starting
in its ground state. Considering the growth rate of the
Ak modes described in (59), with k = 0, we obtain that
ρA ∼ k4ce2α
1/2kc(t−tc) (60)
The time when the growth of helicity ends is determined,
approximately, by equating the energy density ρA with
the energy density of degrees of freedom contributing to
radiation, which is proportional to T 4. Since T ∼ Tc, the
length, δt, of the time interval during which the helicity
grows is given by
e2α
1/2kcδt ∼ α−4( µ
Tc
)8(mpl
Tc
)4
, (61)
where we have used (57).
Having determined the duration, δt, of the period over
which the hypermagnetic helicity grows, we return to (47)
with the purpose of estimating the baryon number den-
sity, ∆nB , produced during that period. We find that
∆nB ∼ Cy αy
8pi
∆t
σ
k5c
1
4pi2
e2α
1/2kcδt . (62)
Inserting the cutoff value (61) we see that the dependence
on the mass parameter µ and on Tc drops out of this
expression, and we obtain a robust order-of-magnitude
estimate
∆nB ∼ Cy αy
8pi
α−1/2 . (63)
Thus, we see that the mechanism sketched has the re-
quired efficiency to produce the observed baryon number
to entropy ratio.
VI. CONCLUSIONS AND DISCUSSION
In this Letter we have introduced and studied a model
of a complex field ζ = e−(ϕ+iθ)/f describing the pres-
ence of plausible amounts of Dark Matter and Dark En-
ergy in the universe. At late times, the energy density
stored in the radial part, e−ϕ/f , of ζ can be interpreted
as Dark Energy. The gradient of the imaginary part of
ζ is coupled to the anomalous baryon current and hence
to gauge degrees of freedom. After a phase transition,
it acquires a periodic effective potential generated by in-
tegrating out the matter and gauge degrees of freedom.
The field θ will then eventually start to oscillate about
the minimum of its potential at θ = 0, with a frequency
(rest mass) that decreases in time like e−ϕ/f . These os-
cillations yield light Dark Matter. Assuming that, after
the phase transition, θ exhibits a slow roll starting from
an initial value close to a local maximum of its potential
then, during the period of slow roll and before the oscil-
lations of θ set in, a non-vanishing baryon number can
be generated. It follows that the model discussed in this
Letter may apparently describe baryogenesis in the very
early universe, Dark Matter at intermediate times, and
Dark Energy at late times.
The present model should be compared with another
model inspired by a scenario proposed in [15] that has
been introduced in a previous paper [13]. In the latter
model, Dark Matter and Dark Energy are assumed to
originate from the dynamics of a single real scalar field, ϕ.
However, an additional scalar field must be introduced to
trigger a phase transition, reminiscent of what is known
as a “wetting transition”, from a phase where ϕ produces
a high density of Dark Matter to a low-density phase
describing Dark Energy. A substantial amount of fine-
tuning of the parameters is necessary in order for this
model to satisfy known model-building- and cosmological
constraints. In addition, the model can only describe tiny
masses of Dark Matter modes corresponding to ultralight
Dark Matter. The model discussed in the present paper
does not require as much fine-tuning as that other model.
Its parameters can be adjusted so as to describe a wide
range of Dark Matter masses. An additional advantage
of the new model, as compared to the one studied in
[13], is that its degrees of freedom naturally couple to
the anomalous baryon current and to the hypermagnetic
gauge field, and hence it may also describe baryogenesis.
The action of the model studied in this Letter appears
to satisfy constraints on effective field theories derived
from superstring theory; see [6]. But, like other models
of dynamical Dark Energy, it does not shed any light
on the “coincidence problem”, namely on the question
why Dark Energy is becoming dominant precisely at the
present time.
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Appendix
In this appendix we speculate about possible roots of
the model studied in this paper in fundamental theories
of Nature. Our model describes a complex scalar field ζ,
which we write as
ζ = e−(ϕ+iθ)/f , (64)
where f is a mass scale. The angular variable θ plays
a role similar to the one of the axion in QCD (see e.g.
[28] for a review of the coupling of the QCD axion to
the QCD gauge fields). We take the action for ζ, in the
absence of any couplings to matter and gauge fields, to
be given by
S0 =
∫
d4x
√−g[1
2
f2|ζ|−2∂µζ¯gµν∂νζ − Λ|ζ|2
]
, (65)
where Λ is a constant of mass dimension 4.
Complex scalar fields similar to the field ζ are ubiq-
uitous in effective field theories derived from superstring
theory. An example encountered in string theory is the
axion-dilaton field
τˆ = −e−Φ + iC0 , (66)
where C0 is an axion that originates in the Ramond-
Ramond zero form, and Φ is the dilaton; see, e.g., [29] for
a review. At the classical level, the potential is flat in the
axionic direction as a consequence of the usual shift sym-
metry. World sheet- or D-brane instanton effects break
this continuous symmetry to a discrete symmetry and
generate a potential for the axion C0 ≡ a of the form
V (a) ∼ gµ4sin(a/f) , (67)
where µ is a constant of mass dimension 1, and the dimen-
sionless coefficient g is determined by the string coupling
constant, i.e.,
g ∼ e−Φ . (68)
This is one example of how the potential in Eq. (6) could
arise.
String theories on space-times with six compactified
dimensions also tend to give rise to complex scalar fields,
with a self-interaction potential of the kind we are con-
sidering in this paper. To be specific, we think of an
internal space given by a Calabi-Yau manifold. The ten-
dimensional metric can then be written as (see, e.g., the
discussion in Section 3 of [29])
ds2 = e−6u(x)gµν(x)dxµdxν + e2u(x)g˜ab(y)dyadyb, (69)
where xµ are coordinates of the four-dimensional space-
time, and ya are coordinates of the internal Calabi-Yau
manifold with metric g˜ab(y), which we assume to be fixed.
The real scalar field u(x) encodes the overall scale of the
internal manifold. The field u is related to the real part
of a complex modulus field, T , namely
RT ≡ e4u . (70)
The imaginary part of T arises from the dimensional re-
duction of the four-form potential. In the low energy
(supergravity) limit, dimensional reduction of the ten-
dimensional Ricci scalar in the Einstein-Hilbert action
yields a canonical kinetic term in the effective action of
the field u(x). If the internal manifold has negative cur-
vature, then u acquires a positive potential given by
V (u) ∼ e8u . (71)
(See also [30] for a derivation of a complex scalar field
from compactification of extra dimensions.)
String compactifications in the presence of fluxes
[31, 32] exhibit further fields that, after dimensional re-
duction to a four-dimensional space-time, are complex
scalars with an axionic angular variable. For example, in
type IIB string theory compactified on a six-dimensional
Calabi-Yau manifold X6, axion fields, a, with a potential
of the form given in (67), which are space-time pseudo-
scalars, arise naturally. The mass scale f is then given
by [29]
f
mpl
∼ ( ls
L
)2
, (72)
where L is a length scale characteristic of the internal
manifold X6, and ls is the string length.
In supersymmetric gauge theories, the gauge coupling
constant, g, and the vacuum angle, Θ appear in the com-
bination 4pig2 − iΘ2pi , see [33]. One may imagine that g and
Θ are related to the expectation value of a dynamical
complex scalar field, τˆ = ϕ+ iθ , where ϕ is a real scalar
field and θ is a pseudo-scalar axion field, with
〈ϕ〉
f
=
4pi
g2
,
〈θ〉
f
=
Θ
2pi
, (73)
with f ≈ mpl, as above; see e.g. [34] for a review. The
field ζ appearing in the model discussed in this paper
could be the exponential of τˆ , i.e.,
ζ ≡ e−τˆ/f . (74)
One may then argue that the gradient of the imaginary
part of ζ couples to the Chern-Simons three-form of
some non-abelian gauge field or to the anomalous baryon
current.
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